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Neutrino oscillations:

s A beautiful QM interference phenomenon
» Reveals many aspects of QM
» Owes its very existence to QM uncertainty relations

s Can actually be used to study QM!
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Neutrino oscillations appear to be a simple QM phenomenon

But: A closer look at them reveals a number of subtle and even
paradoxical issues

The idea of v oscillations: put forward by B. Pontecorvo over 60
years ago

20 years have passed after the discovery of v oscillations

Neutrino oscillation theory actively developed since the 1960s

A number of fundamental issues have long been (and still are)
actively debated!
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# Calculating the oscillation phase: Same E or same p ?

# (Can we use plane waves or stationary states?

# Evolution in space or in time?

# Do the oscillations contradict energy-momentum conservation?

# Under what conditions can oscillations be observed?
(coherence issues)

# What is the role of QM uncertainties?
» Is wave packet approach really necessary?

# What determines the size of the neutrino wave packet?




» When are the oscillations described by a universal probability?

» |s the standard oscillation formula correct? What is domain of its
applicability?

» How to get correctly normalized oscillation probability?

# Are the oscillation probabilities Lorentz invariant? Can we see that?

» Why do we say that charged leptons are produced as mass eigenstates
and neutrinos as flavour states and not the other way around?

# Do charged leptons oscillate?

# Do neutrinos produced in T — [v; decays oscillate when the charged
lepton is not detected?




The standard formula for the oscillation probability of relativistic or
quasi-degenerate in mass neutrinos in vacuum:
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Assume at time ¢ = 0 and coordinate x = 0 a flavour eigenstate
lv,) IS produced:

lv(0,0)) = |V Z Za

After time t at the position z, for plane—wave particles:

E —ip;T

Mass eigenstates pick up the phase factors e~ with

mass>
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Phase differences between different mass eigenstates:
Ap = AE-t — Ap-x

Shortcuts to the standard formula

1. Assume the emitted neutrino state has a well defined
momentum (same momentum prescription) = Ap = 0.
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For ultra-relativistic neutrinos E; = /p2+m? ~p+

m2 — m? Am?
AE ~ —2 L = ' i~ h=c=1
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= The standard formula is obtained




2. Assume the emitted neutrino state has a well defined
energy (same energy prescription) = AFE = 0.

Ap = AE-t — Ap-x = — Ap-x

For ultra-relativistic neutrinos p;, = /E? —m; ~E - 55 =

Am? .
2F

—Ap = p1 —p2 &

= The standard formula is obtained

Stand. phase = (lose)ip = —zE
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Very simple and transparent
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Very simple and transparent
Allow one to quickly arrive at the desired result

Trouble: they are both inconsistent




Same momentum and same energy assumptions:
contradict kinematics!

Easy to see for processes with 2-body final states:

» Electron capture: R. Winter, Lett. Nuovo Cim. 30 (1981) 101

» Pion decay: C. Giunti & C.W. Kim, Found. Phys. Lett.
14 (2001) 213




Pion decay atrest (7" — ut +v,, 77 = u= +0,):
For decay with emission of a massive neutrino of mass m;:
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For massless neutrinos: E; =p; = F = &5~ (1 — —g) ~ 30 MeV

To first order in m?:

1

2 2 1 m?
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Same momentum or same energy would require
§ =1 or & =0 — notthe case!

Also: would violate Lorentz invariance of the oscillation
probability

How can wrong assumptions lead to the correct oscillation
formula ?

= Solution: Wave packet approach




Problems with the plane-wave approach

# Same momentum = momentum is well defined (plane
waves). Oscillation probabilities depend only on time. Leads
to a paradoxical result — no need for a far detector !
“Time-to-space conversion” (?7?) x ~t — assumes neutrinos
to be point-like particles (notion opposite to plane waves).

s Same energy — oscillation probabilities depend only on
coordinate. Does not explain how neutrinos are produced
and detected at certain times. Corresponds to a stationary
situation.
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Neutrino oscillations and energy-momentum conservation
— an intricate relationship
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Calculation of rates of processes in quant. theory (gen. Fermi’s Golden rule):
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Neutrino oscillations and energy-momentum conservation
— an intricate relationship

Calculation of rates of processes in quant. theory (gen. Fermi’s Golden rule):

F=1eg) /H dngf fi‘2(2”)454(%:pf_;pi)

The factor §* ( Dt Df— 2 pi) ensures energy-momentum conservation.

Used to calculate neutrino production rates and detection cross sections.

If applied to neutrino production, implies that the neutrino 4-momentum
p = (E, p) can be determined from the 4-momenta of all other particles
participating in the production process.




But: Due to the on-shell relation
E?2 = 52 + m?,
if the neutrino energy and momentum are exactly known, so is its mass!

= The emitted neutrino is a mass eigenstate rather than a flavor eigenstate
(= coherent superposition of different mass eigenstates).

= Neutrino oscillations cannot occur! (Mass eigenstates do not oscillate in
vacuum).

A dichotomy:

On the one hand, energy-momentum conservation is an exact law of nature.

On the other hand, exact energy and momentum conservation at neutrino
production or detection would apparently make the oscillations impossible.

= Significant confusion in the literature
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In the analyses of elementary particle processes it usually is assumed that
energies and momenta of all particles have sharp values which obey
conservation laws.

But: for this picture to be exact, the processes (and the involved particles)
should be completely delocalized in space and in time !

In reality the processes occur in finite spatial regions and during finite time
intervals =

Energies and momenta of all participating particles have intrinsic QM
uncertainties. Their states are not eigenstates of energy and momentum.

= Does not mean that energy and momentum are not conserved! Their
conservation laws are fulfilled for the individual momentum components of the
transition amplitudes.




Neutrino oscillations — a QM interference phenomenon, owe their existence
to QM uncertainty relations

Neutrino energy and momentum are characterized by uncertainties g and
o, related to the spatial localization and time scale of the production and
detection processes. These uncertainties

» allow the emitted/absorbed neutrino state to be a coherent superposition
of different mass eigenstates

# determine the size of the neutrino wave packets = govern
decoherence due to wave packet separation

o — the effective energy uncertainty, dominated by the smaller one between
the energy uncertainties at production and detection. Similarly for o,,.




¢ Consistent approaches:
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¢ Consistent approaches:

» QM wave packet approach — neutrinos described by wave packets rather
than by plane waves

# QFT approach: neutrino production and detection explicitly taken into
account. Neutrinos are intermediate particles described by propagators

Py (k) Dy (k")

P;i(q) D;(q")




Wave packet approach

S. Nussinov, Phys. Lett. 63B (1976) 201

1st discussion of neutrino oscillations in WP approach; decoherence by WP
separation; l.., ~ o, (v/Av); estimates of o, and coher. length for v production
in decays of isolated nuclei and 7% (0, ~ ¢/T'source) @and also for solar
neutrinos (p ~ 100 g/cm?>, T ~ 1 keV, o, ~ ct, T —time of un-interrupted
neutrino emission = time between collisions significantly changing the phase of
the emitter; 7 ~ 3 x 10717 s for "Be neutrinos = .., ~ 10 km.

B. Kayser, Phys. Rev. D(1981) 110

Production and detection coherence conditions: o and o, must be sufficiently
large to prevent accurate determination of neutrino mass; connection with
space-time localization of the v production and detection processes through
QM uncertainty relations. A simplified analytic description of v oscillations in
the WP picture given.

Kobzarev, Martemyanov, Okun & Shchepkin, Sov. J. Nucl. Phys. 35 (1982) 708
Neutrino production and detection processes included in a simplified model.
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Wave packet approach

Giunti, Kim & Lee, Phys. Rev. D44 (1991) 3635

First complete analytic derivation of P, for Gaussian WPs. Explicitly
demonstrated how the oscillations get suppressed when coherence conditions
are violated.

Giunti, Kim, Lee & Lee, Phys. Rev. D48 (1993) 4310
Neutrino production and detection processes included, source and target
particles are localized — described by Gaussian WPs. QFT approach.

Rich, Phys. Rev. D48 (1993) 4318
Neutrino prod. and det. processes included, source and target particles are
localized — described by Gaussian WPs (external WPs). QM approach.

Kiers & Weiss, Phys. Rev. D57 (1998) 3091

Neutrino production and detection included in a simple model with localized
source and detector. Possible restoration of coherence at detection after
decoherence by WP separation.
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Wave packet approach

Farzan & Smirnov, Nucl. Phys. B805 (2008) 356 (arXiv:0803.0495)
Propagation decoherence in momentum space as effect of accumulation of
fluctuations of ¢,s. due to momentum spread within WP with distance;
unimportance of spatial spreading of v WPs; Lorentz invariance of . F,,.

EA & Smirnov, Phys. Atom. Nucl. 72 (2009) 1363 (arXiv:0905.1903)
Cleared up same E/same p confusion; shape-independent WP approach;
Lorentz invariance of osc. probability in both coherent and decoherent cases

demonstrated.

EA & J. Kopp, JHEP 1004 (2010) 008 (arXiv:1001.4815)
QM and QFT approaches compared; the issue of normalization of P
clarified; conditions for existence of the universal (production and detection

indep.) oscillation probability found.

EA, JHEP 1707 (2017) 070 (arXiv:1703.08169)
The issue of whether non-relativistic neutrinos oscillate clarified; Lorentz

invariance discussed.
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In QM propagating particles are described by wave packets!
— Finite extensions in space and time.

Plane waves: the wave function attime t =0 U5 (Z) = 0%

1.59




Wave packets: superpositions of plane waves with momenta in an interval of
width o, around mom. py

or0p > 1/2 — QM uncertainty relation

W. packet centered at 7y =0 attime ¢ = 0:

o d’p S o\ ipE
\Ij(xa Po, O-ﬁ) — (27_‘_)3 f(p _pO) €

Gaussian mom. space w. packet:

e

11111111

o,0p = 1/2 — minimum uncertainty packet




Include time dependence:

T(F 1) — d’p S S\ _ipE—iE(p)t
(33, ) - (27_‘_)3 f(p pO)e

Example: Gaussian wave packets

Momentum-space distribution:

Coordinate-space wave packet for v; (neglecting spreading):

1
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The evolved produced state:
7t > _ Z U;z |V;nass Z U* \IJP ;nass>

Transition amplitude:

«Aaﬁ(Tal——:) — <VB|V T L Z UB’L )

Strongly suppressed unless \E — 14T S 0,. E.Q., for Gaussian wave packets:

—

A;(T,L) x exp |— U§p+U§D
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Oscillations are due to phase differences of different mass eigenstates:

Ap =AE-T — Ap-L (B = \/p? +m)
For relativistic or quasi-degenerate neutrinos: AF < FE, Ap<p =

OF OF 1
AE — —A —A 2 p— A _A 2
op D+ 2 m Vg Ap + o F m

1
Ap = (v, Ap+ ﬁAfnﬂ)T — Ap- L

Am?
2F

T

— (L — v,T)Ap +

In the center of wave packet (L — v,T) =0! Ingeneral, |L — v,T| S 04;

if o, Ap <1, (Ap Loy, 0 Llose) = L — v, TIAp<1l =
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— the result of the “same momentum” approach recovered!

AP = T, L ~ v, T ~T

Now instead of expressing AE through Ap and Am? express Ap through
AE and Am?:

1 Am? Am?
6 Ap = ——(L —v,T)AE + ——L = Ly
Vg 2p 2p

— the result of the “same energy” approach recovered!

The reasons why wrong assumptions give the correct result:

# Neutrinos are relativistic or quasi-degenerate with AE < E, Ap < p

# The size of the neutrino wave packet is small compared to the oscillation
length: o, < l,sc (More precisely: energy uncertainty op > AFE)




Keyword: Coherence

Neutrino flavour eigenstates 1., v, and v, are coherent superpositions of
mass eigenstates v, 15 and U3 = oscillations are only observable if

# neutrino production and detection are coherent

# coherence is not (irreversibly) lost during neutrino propagation.

Possible decoherence at production (detection): If by accurate £ and p
measurements one can tell (through E = \/p2? + m?2) which mass eigenstate
Is emitted, the coherence is lost and oscillations disappear!

Full analogy with electron interference in double slit experiments: if one can
establish which slit the detected electron has passed through, the interference
fringes are washed out.




Decoherence can be considered in either configuration or momentum space.

Intrinsic QM uncertainties o and o, of neutrino energy and momentum:
related to the uncertainties of the neutrino production/detection time and
coordinate through QM uncertainty principles.

Coherence typically requires o > AFE, o, > Ap. This prevents
determination of neutrino mass.

As soon as o and o, become sufficiently small to allow determination of the
neutrino mass at neutrino production or detection (o,,2 < Am?), uncertainty in
4-coordinate of neutrino production/detection becomes larger than [, =
oscillations become unobservable (Kayser 1981)

=- connection between space-time and energy-momentum pictures of
neutrino production or detection decoherence.




Oscillation phase: ¢osc = AE -t — Ap - x.
Fluctuation of ¢,. due to uncertainty in 4-coordinate of neutrino production:
0Dose = AE -0t — Ap - oz,

ot and dz limited by the duration of the neutrino production process o; and its
spatial extension ox: 0t < oy, |0z| S ox.
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Oscillation phase: ¢osc = AE -t — Ap - x.
Fluctuation of ¢,. due to uncertainty in 4-coordinate of neutrino production:
0Oose = AE -0t — Ap - ox,

ot and dz limited by the duration of the neutrino production process o; and its
spatial extension ox: 0t < oy, |0z| S ox.

For oscillations to be observable §¢,,. must be small — otherwise oscillations
will be washed out upon averaging over (tp, xp) =

AFE -6t — Ap - dx| < 1

Barring accidental cancellations: AF -6t <1, Ap-dz < 1. From

—1
ot Sop~og,

53}§0X~0p_1 =
O AEF L og, Ap <L op .




Wave packets representing different mass eigenstate components have
different group velocities v,; = aftertime .., (coherence time) they
separate = Neutrinos stop oscillating! (Only averaged effect observable).

Coherence time and length:

A'U'tc:oh =~ Og; lcoh >~ Ulcoh

The standard formula for P... is obtained when the decoherence effects
are negligible.




Giunti, Kim & Lee, Phys. Lett. B274 (1992) 87:

PaB(L7 E) Z UO‘?’U,BZU*]{UB G_Z(Amzk/2p)L e [L/(lcoh)zk]2 [AE /SO'E]

v 2E>
( coh) 2f|AZ | — 2f|Am | Ox — 1/201? — (1/2)(7}9/0E)
g 1k
1 1 1
2 — 2 + =

OF JEprod O Edet

Am?k
2F

AE;, =&

¢ Owverall normalization obtained by imposing unitarity condition!




Observability conditions for v oscillations:

» Coherence of v production and detection

» Coherence of v propagation

Both conditions put upper limits on neutrino mass squared differences Am?:

Am?k
2F

(1) AEj, ~ <K OE; (2)




Observability conditions for v oscillations:

» Coherence of v production and detection

» Coherence of v propagation

Both conditions put upper limits on neutrino mass squared differences Am?:

2 2
1) AE.; ~ Ay : 9 Am-““L ~
(1) ABj ~ 7= < og; (2) Sz L<ow>vy/op

But: The constraints on oz work in opposite directions:

Am? 2?2
(1) AEj, ~ —2* v




Observability conditions for v oscillations:

» Coherence of v production and detection

» Coherence of v propagation

Both conditions put upper limits on neutrino mass squared differences Am?:

But: The constraints on oz work in opposite directions:

Am3, 2F% v
Logp <K

S~ J g
(1) ABj~ = A

Are they compatible? — Yes, if LHS <« RHS =

L S o
27 l < Av— (>1) — fulfilled in all cases of practical interest
0oscC Ug




The coherence propagation condition: satisfied very well for all but
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The coherence propagation condition: satisfied very well for all but
astrophysical and cosmological neutrinos (solar, SN, relic v’s ...)

Coherent production/detection: usually satisfied extremely well due to the
tininess of neutrino mass

But: Is not automatically guaranteed in the case of “light” sterile neutrinos!

Msterile ~ €V — keV — MeV scale = heavy compared to the “usual’
(active) neutrinos

Sterile neutrinos: hints from SBL accelerator experiments (LSND, MiniBooNE),
reactor neutrino anomaly, keV sterile neutrinos, pulsar kicks, leptogenesis via
v oscillations, SN r-process nucleosynthesis, unconventional contributions to
260v decay ...

Production/detection coherence has to be re-checked — important
implications for some neutrino experiments!




Neutrino oscillations: Coherence at macroscopic distances —
L > 10,000 km Iin atmospheric neutrino experiments !




The complete process: production — propagation — detection: factorization

Ftot — Fprod Pprop Odet
with a universal P,,,, is only possible when all 3 processes are independent

In general not true, and production — propagation — detection should be
considered as a single inseparable process!

To get the standard formula one assumes for the emitted and absorbed states
i) = > Us (™)

The weights of the mass eigenstates are just U}, — do not depend on the
masses of ; = only true when the phase space volumes at production

and detection do not depend on the mass of ;.
=




This is only true if the charact. energy FE at production (and detection) is large
compared to all m; (relativistic neutrinos), or compared to all |m; — my|
(quasi-degenerate neutrinos).

= Neutrino oscillations can be described by a universal probability only
when neutrinos are relativistic or quasi-degenerate

Also: degree of coherence of the propagating neutrino state depends on the
coherence of the production and detection processes

= The standard formula for the oscillation probability is only valid when
all decoherence effects are negligible !
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The standard formula for osc. probability is stubbornly robust.
Validity conditions:
» Neutrinos are ultra-relativistic or quasi-degenerate in mass

» Coherence conditions for neutrino production, propagation
and detection are satisfied.

Gives also the correct result in the case of strong coherence
violation (complete averaging regime).

Gives only order of magnitude estimate when decoherence
parameters are of order one.

But: Conditions for partial decoherence are difficult to realize

They may still be realized if relatively heavy sterile neutrinos exist
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# Neutrino wave packet postulated rather than derived, widths estimated
# Production and detection processes are not (adequately) considered

# |[nadequate normalization procedure. Normalization “by hand” is
unavoidable.

Advantage: simplicity
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#» QM and QFT wave packet formalisms provide consistent approaches to
neutrino oscillations.

# QFT approach is superior to the QM one:

» Consistently takes into account neutrino production and detection
mechanisms

s Allows to obtain the neutrino wave packets used in the QM approach
(instead of postulating them)

s Automatically produces correctly normalized oscillation probability and
clarifies the normalization prescription of QM approach

#» — the simplistic QM wave packet approach may need QF T-motivated
modifications; however, once they have been done, one can still work
within the QM framework without losing any essential physics content.
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Neutrinos have given (and still give) us a lot of surprises

Many times in the past it appeared that the theory of
neutrino oscillations was complete and finished but this
has turned out to be wrong

Are we in the same situation now?
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Neutrino emission and detection times are not measured (or not accurately
measured) in most experiments = integration over T':

Amzk:

Plvg = vg L) = /dTP(Va—>V5;T,L Z UsiUguUspe” 20 1

~ d
I =N /%f{g(mq — AEik/QU + Pz')fl-D*(’l“kq — AEik/QU -+ Pz)

<[5 (rig + A /20 + Po) P (riq + AEi, /20 + Py) ' 9

Here: v=%E% Av=wv,—v;, rip=-=t, N=1/[2E;(P)2Ey(P)v]

» For (Av/v)o,L <1 (i.e. L < leon = (v/Av)o,) I, is approximately
independent of L; in the opposite case I;;; is strongly suppressed

» I, is also strongly suppressed unless AE; /v < 0,, i.6. AEy < op
— coherent production/detection condition




Even non-observation of neutrino oscillations at distances L < [ IS a
consequence of and an evidence for coherence of neutrino emission and
detection! Two-flavour example (e.g. for v, emission and detection):

Aprod/det(Vl) ~ cost, Aprod/det(VQ) ~ sin f =

A(ve = ve) = Y Aproa(ti)Aget (V) ~ cos® 6 + e~ "2 sin” 0

i=1,2

Phase difference A¢ vanishes at short L =
P(ve = v.) = (cos* 0 +sin® 0)? = 1

If v1 and v, were emitted and absorbed incoherently) = one would have
to sum probabilities rather than amplitudes:

P(ve = ve) ~ Z |Aprod (V) [?|Ades (V) |? ~ cos® 0 +sin* 6 < 1
i=1,2




Include time dependence:

Wi, t) = [P - i) T
9 _ (27_‘_)3 p pO

Example: Gaussian wave packets

Momentum-space distribution:

Momentum dispersion: (p*) — (7)* = o7.

Coordinate-space wave packet (neglecting spreading):

1 T — Uyt)?
)3/4exp{—( 4029 }, oy =1/(40)

U(7 1) — eiboi—iE(po)t
(Z,t) = e (302




The evolved produced state:
7t > _ Z U;z |V;nass Z U* \IJS mass>

The coordinate-space wave function of the ith mass eigenstate (w. packet):

- _ d3 S ipr—iE; (p)t
W) = [t 15 e

Momentum distribution function f°(5): sharp maximum at 7= P (width of the
peak o,p < P).

8Ez P - — 1 82Ez P - —
) = )+ 28 gop) 22 opy g
P Po
- _ 0B _ 7 o PEip) _ m
’ op E;’ - Op? E?




1

US (T, 1) ~ e FPIHPT gS(7 _G) | (o — 0)

9i ( f(27r)3

—

Center of the wave packet: 7 — v;t = 0. Spatial length: o,p ~ 1/0,p
(g7 decreases quickly for |7 — @;t| > o.p).

Detected state (centered at # = L):

V5 (@))

> Ui U8 (@) |p)
k

The coordinate-space wave function of the ith mass eigenstate (w. packet):

v~ [

d>p
(2m)?

1P () €7




Transition amplitude:

«Aaﬁ(Tal——:) — <VB|V T L Z UB’L )

, Y d3 S Dx iE; (p)T+ipL
ATE) = [ S5 15w 1w

Strongly suppressed unless |E —u;T| < o,. E.Q., for Gaussian wave packets:

—

(L — v;T)?
4o

—

Ai(T,L) x exp |— 2 = g2

2
= Ogp + OrD
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Oscillation probability:
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ATE) = [ S5 15w 1w

Strongly suppressed unless |E —u;T| < o,. E.Q., for Gaussian wave packets:

—

(L — v;T)?
4o

—

Ai(T,L) x exp |— 2 = g2

2
= Ogp + OrD

, o

Oscillation probability:

O Pa = vsT,L) = |Aus|” Z iUsiUnn Ul (T, L) A (T, L)




Oscillation phase acquired over the distance = and time ¢:
Gose = AE -t —Ap-x.
Fluctuation of ¢,. due to uncertainty in 4-coordinate of neutrino production:
0pose = AE -0t — Ap - bz,

ot and dz limited by the duration of the neutrino production process o; and its
spatial extension ox: 0t < oy, |0z| S ox.
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Oscillation phase acquired over the distance = and time ¢:
Gose = AE -t —Ap-x.
Fluctuation of ¢,. due to uncertainty in 4-coordinate of neutrino production:
d0posc = AE -0t — Ap - bz,

ot and dz limited by the duration of the neutrino production process o; and its
spatial extension ox: 0t < oy, |0z| S ox.

For oscillations to be observable §¢,,. must be small — otherwise oscillations
will be washed out upon averaging over (tp, xp) =

AFE -6t — Ap - dx| < 1

Barring accidental cancellations: AFE -0t <1, Ap-dx < 1. From

1

ot Sop~og, 5:1350erap_1 =

<> AE<<O'E, Ap<<(7p.




Conditions
AF/op < 1, Ap/o, < 1

are not Lorentz invariant! Can serve as coherent production conditions only
when the neutrino source is at rest or non-relativistic — caution advised!

For non-relativistic neutrinos the condition AF/op <« 1is always violated =
no oscillations occur when neutrinos are non-relativistic in the ref. frame where
their source is at rest or slowly moving.

But: for the usual neutrino oscillations one can always go to a Lorentz frame
where one of the mass-eigenstate neutrinos is at rest!

Resolution of the apparent paradox: In this case the two terms in
AFE -6t — Ap - 6x are no longer unrelated and nearly cancel each other.

= |0¢osc|] < 1 doesnotleadto AFE/op <1, Ap/o, < 1.




The standard formula for the oscillation probability corresponds to I, = 1.

Normaliz. condition:

/ (;ZWZ;S PP @)1 =1




Oscillation probability calculated in QM w. packet approach is not
automatically normalized ! Can be normalized “by hand” by imposing the
unitarity condition:

> Pag(L) = 1.
B
This gives

~

dp
[araw =1 = Li=w [JEEeR PR =
— Important for proving Lorentz invariance of the oscillation probability.

Depends on the overlap of f(p) and f°(p) = no independent
normalization of the produced and detected neutrino wave function would do!

In QFT approach the correctly normalized P,s(L) is automatically obtained
and the meaning of the normalization procedure adopted in the w. packet
approach clarified




1. “Paradox” of neutrino w. packet length

For neutrino production in decays of unstable particles at rest (e.g. ™ — pv,):

v v
= ~ % (= v,T)

op ~ 17 = = 1., Op ~
OF PW
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neutrino momentum, the neutrino w. packet should be Lorentz-contracted !




1. “Paradox” of neutrino w. packet length

For neutrino production in decays of unstable particles at rest (e.g. ™ — pv,):

Y9 o Yo
OF PW

—1

Op >~ T = F’ﬂ') O, = (: UgT)

For decay in flight: T7. = (m,/FE:)'x. One might expect
/ E7T

o :m—0x>ax.
7T

On the other hand, if the decaying pion is boosted in the direction of the
neutrino momentum, the neutrino w. packet should be Lorentz-contracted !

The solution: pion decay takes finite time. During the decay time the pion
moves over distance [ = ur’ (“chases” the neutrino if u > 0).

VgT
Yu(l + vgu)
[the relativ. law of addition of velocities: v, = (vy +u)/(1 + vyu)].
_ EvgenyAkmedov internat Conferenceon HistoryoftheNeutino _Parls, Seplember 57,2018 —p.67 _

o, v, [T =l =v) 7" —ur’ = (v, —u)y,7 =

g Y




That is

r_ Ox
T (1 vgu)

o

For relativistic neutrinos v, ~ v, ~1 =

, /1 —u
0, = Oy
14+ u

= when the pion is boosted in the direction of neutrino emission (u > 0)
the neutrino wave packet gets contracted; when it is boosted in the opposite
direction (u < 0) — the wave packet gets dilated.
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The oscillation probability must be Lorentz invariant! But: L. invariance is not
obvious in QM w. packet approach which (unlike QFT) is not manifestly
Lorentz covariant.

How can we see Lorentz invariance of the standard formula for the oscillation
probability ? P,; depends on L/p (contains factors exp[—i=futL]). Is L/p
Lorentz invariant? Lorentz transformations:

L' =~ (L + ut), t' =~,(t+ul),
E' =~(E+up), p =vp+uE).

The stand. osc. formula results when (i) production and detection and

(ii) propagation are coherent; for neutrinos from conventional sources (i)
implies o, < lo,sc = one can consider neutrinos pointlike and set L = v,t.
= L' =~,L(1+u/vy). Onthe other hand: v, =p/E

= P = vup(l + u/vy).

= L'/p" = L/p




A more general argument (applies also to Mossbauer neutrinos which are not
pointlike): Consider the phase difference

1 Am?
= — — — E
O A¢ o (L — vyt)AE + 2

L

— a Lorentz invariant quantity, though the two terms are in not in general
separately Lorentz invariant.

But: If the 1st term is negligible in all Lorentz frames, the second term is
Lorentz invariant by itself =- L/p is Lorentz invariant.

The 1st term can be neglected when the production/detection coherence
conditions are satisfied. In particular, it vanishes in the limit of pointlike
neutrinos L =v,t. N.B.:

L —wv4t
Ug T U (t+ul)| = Y :
1+ vyu Yu (1 + vou)

L' —vjt" =, |(L+ut) —

l.e. the condition L = v,¢ is Lorentz invariant. MB neutrinos: AE ~ 0.
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The oscillation probability must be Lorentz invariant even when the coherence
conditions are not satisfied !

Lorentz invariance is enforced by the normalization condition.
Puy(L) = > UaiUsUs Uk Li(L),  where
i,k

Lin(L) = /dTAz(L,T)AZ(L,T)e_"'A%

From the norm. cond. [dT|A;(L,T)* =1 =

A [2dT = inv. = |Al|AgldT = inv. = A;ALdT = inv.

The phase difference A¢;. = AFE;,T — Ap; L is also Lorentz invariant =
sois I;;(L), and consequently P,,(L).




Spreading of the wave packets: consequence of the fact that the there is a
spread of momenta inside of the wave packets and of the p-dependence of the
group velocity.

i 8/07; . 1 ; 1 7 - —
Uspr = apj 0}79 — E((Sij o /Uivj)ai?? — E[Jp - vi(v p)]
This gives
2
1 Op _ 9p 2y _ Ip M
Uspr. Ev /Ugls|pr _E(l_v )_E—2

2 3 2,2
Liransy ™ E/Upa tlong. ~ F /Upm ]




Coherence production conditions:

AF| < op, |Ap| < 0.
On the other hand: An?
AFE ~v,Ap + m

~ g b

Constraint |[AF| < op =
v,Ap  Am?
1.
OF + 2EO‘E < (*)

(a) The two terms in AE do not approximately cancel each other. =
vg|Ap| € op < 0p, 1.€. for relativistic neutrinos |Ap| < o, follows
from |[AF| < 0.

(b1) There is a strong cancellation, but both terms on the I.h.s. of (*) are small
— see case (a).

(b2) Strong cancellation, but both terms on the I.h.s. of (*) are 2 1: momentum

condition is independent. But: the only known case — Madossbauer neutrinos.
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Do charged leptons oscillate?




What do we mean by charged leptons?
The usual e*, = and 7F are mass eigenstates = do not oscillate.

[Also: unlike neutrinos, they participate also in EM interactions (and are
normally detected via these interactions) which are flavour-blind.]

Assume we create a muon at t, =0 and Zy = 0. Neglecting muon decay, we
have

T0)) = |u); 9@ 1) = e PTlu) = Py = [(u¥(@0))f =1
Assume now we manage to create a coherent superposition of x and e:
(W(0)) = cosB|u) + sinf|e)

The weights of 1 and e in the initial state: cos26 and sin® 6.




Evolved state:
W(Z, 1)) = e P cosf|p) + e P"sinf|e)
The probabilities of finding x4 and e:

P, = [(u|¥(Z,t)]° = |e P cosf* = cos® 0
Pe

= |(e|U(Z,t))|* = |e"P"sinf|* = sin*6
— are the same! = There are no oscillations between mass
eigenstates, no matter if the initial state is pure or (coherently) mixed
Y

There are no oscillations between ¢, 1 and 7!

[NB: The same for neutrinos — initially produced v. can with some probability oscillate into v,
or v, but the weights of 11, v2 and vs that were in the initial state will remain the same! ]




Can we imagine a situation when one creates a coherent superposition of e,
1 and 7 and then also detects their coherent superposition (the same or
different) rather than individual mass-eigenstate charged leptons?

Charged - current weak interactions look completely symmetric w.r.t. neutrinos
and charged leptons!

_ 9 (5 — ot
Loc = — 7 (Car V' Uaivie) W, + h.c., Uu=VYV,
Why do we say that charged leptons are emitted and detected in mass
eigenstates and neutrinos in flavour states (superpositions of mass
eigenstates) and not vice versa? Or not both as some superpositions
of mass eigenstates? E.g.

e1) = Uiele) + Uiulp) + Ui|7) is emitted or detected together with v,
e2) = Usele) + Usulp) + Uzr|T) is emitted or detected together with s,
e3) = Uscle) + Us,|p) + Us.|T) is emitted or detected together with vs.




Because they are emitted (and absorbed) alongside charged leptons of
definite mass e*, u* or 7%. (This “measures” the flavour of neutrinos).
How do we know that charged leptons are in mass eigenstates?

(1) Beta decay: only electrons are emitted together with neutrinos. Emission
of u* and 7% is forbidden by energy conservation.

(2) Decays 7t — putv, 7t = etv (or KT — utv, KT — etv). Here
emission of both muons and electrons is allowed.

Assume a coherent superposition of e and p is produced in pion decay
(nearly) at rest. The energy uncertainty of the charged lepton:

op~T._=25-10"%¢eV

Uncertainty in the mass determination (\/(2Eog)? + (2po,)?] ~ 2v/2FE0g):

Om2 ~ 2V2FEop ~ 2v2-(90 MeV) - (2.5-107% eV) ~ 6.4 eV?




This has to be compared with m? —m?2 ~ (106 MeV)? =

e

Different mass-eigenstate charged leptons are emitted incoherently!
This provides a “measurement” of the flavour of the emitted neutrino

For pion decay in flight: assume pion’s energy is E,. The energies of the
produced charged leptons are rescaled as £ — F (Ey/m,), but the pion
decay width (and so og) isrescaledas I'y — I'x(m,/Fy) =

[(2E0g)? + (2po,)?]'/? remains the same (o,,2 a Lorentz invariant quantity).

4

{> Charged leptons produced in 7* — [*v and K* — [*v decays are always
emitted as mass eigenstates and not as coherent superpositions of
different mass eigenstates because of their very large Am?.

¢ Therefore even oscillations between e;, e; and es (or any other
superpositions of e, pand 7) are not possible.




The masses and decay widths of ==, K=* are rather small = o,,2 small.
How about decays of W*? For W+ — [*v decays at rest:

GFm
Y ., ~ W~ 230 MeV
W —l, fﬂ
= Om2 ~ 2V2FEop ~ 2v2-40 GeV - 230 MeV ~ (5 GeV)2.
Thus
Om2 > mi —m?, Oz > M2 — mu ~ (1.77 GeV)?,

= all three charged leptons are produced coherently in W= decays.
Can one then observe oscillations between their different coh. superpositions?
Coherence length l.on >~ 0, /Av,:

1 3v/2m

Grmw (m?, —mg)

~2.5x%x 107% cm

(leoh ) max = [FW—M o (AVg ) min]

= [T loose their coherence almost immediately after their production



What about W+ — [*v decays in flight? Let v be the Lorentz factor of W=.
(Avg)min ~ Am?Z,/2E? = (m? —m2)/2E? and the partial decay width of W=
scale with v as

(Avg)min — ’7_2(A'Ug)min 3 F(I)/V—ﬂay — ’7_1P(XJ/V—>ZQV :

Therefore the maximum coherence length
(leoh)max 2~ 0/ (AVg)min ~ /[Ty, ,(Avg)min] SCales as

(lcoh)max — 73(lcoh)max .

In order for (l.on)max 10 b€ larger than e.g. 1 m, one would need v = 1600, or
Ew 2 130 TeV — far above presently feasible energies.




What about W+ — [*v decays in flight? Let v be the Lorentz factor of W=.
(Avg)min >~ Am?2,/2E* = (m?, —m?)/2E* and the partial decay width of W=
scale with v as

(Avg)min — ’7_2(A'Ug)min 3 F?/V—ﬂay — ’7_1P?/V—>lau :

Therefore the maximum coherence length
(leoh)max 2~ 0/ (AVg)min ~ /[Ty, ,(Avg)min] SCales as

(lcoh)ma,x — ’73(lcoh)max .

In order for (l.on)max 10 b€ larger than e.g. 1 m, one would need v = 1600, or
Ew 2 130 TeV — far above presently feasible energies.

N.B.: Even if coherence was satisfied for charged leptons, to fix the
composition of the mixed I* state in terms of e, p and 7 one would have to
detect the accompanying neutrino as a state different from vg —e.g. as a
mass eigenstate. Not possible within the standard model !




Consider the SM amended by three heavy RH neutrinos N; (seesaw model)
plus an extra Higgs doublet. In this model N; can decay into a charged lepton
and charged Higgs boson:

N; — e, + ot .
Decays are caused by the Yukawa coupling Lagrangian
LY == YaiEaNRi(I) + h.c. ,

In the basis where the mass matrices of N; and [T have been diagonalized,
the Yukawa coupling matrix Y,; is in general not diagonal = in the decay
of a mass-eigenstate sterile neutrino IN; any of the three charged leptons

e, = €, 4, T can be produced.

What are the conditions for the produced charged lepton state e; to be a
coherent superposition of the mass eigenstates e, :

) = [(YTY )] 12D Vi fea)

and how long this state can maintain its coherence?
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Neglecting the masses of ®* and [* compared to the mass M; of the
sterile neutrino:

Y ~ o, M,; where o =
(A

Coherent production condition:

2\/§EF9 ~ 2\/5 (MZ/Q) o; M; > max{mi — mg, mz - mi}a

or
a; > 2.2 (GeV/M;)?.

From l..n = o,v,/Av, the coherence length for the emitted charged lepton

state:

M? M,
leon ™ ‘ ~31x 1071 ot =—
b 20 (m2 —m2) - Y Gev ©

m .




leon < 1.4 x 1071 cm (M;/GeV)?.

For N; decays in flight the r.h.s. has to be multiplied by +* = (M;/GeV)?
has to be replaced by (E;/GeV)?>.
The charged lepton state will maintain its coherence over the distance ~ 1 m
if

E; 2400 TeV = (YTY); >1.3x 10711,

If only e and p are to be produced coherently, a milder lower limit on
E; results:

1 ~

E;>10TeV, (YY), >85x 10711,




If the condition for coherent creation of the charged lepton state is satisfied
and this state is detected through the inverse decay process before it loses its
coherence, it may exhibit oscillations: a mass eigenstate sterile neutrino V;
different from N, can be produced in the detection process = the state ¢;
has oscillated into e;.

Charged leptons would be able to oscillate, leading to a non-zero probability of
the emission or absorption of a different sterile neutrino mass eigenstate N; in
the processes e + ®F — N; or e + N; — &%,

= The roles of neutrinos and charged leptons reversed compared to the
usual situation because of sterile neutrinos being much heavier than the
charged leptons.




QFT approach to neutrino oscillations




Production - propagation - detection treated as a single inseparable process.
External particles are described by wave packets, neutrinos — by propagators

One-particle states of external particles:

d>p
(27)3+/2FE 4 (D)

)= [l £GP AP, 1)
|A,p) — one-particle momentum eigenstate corresponding to momentum p
and energy E4(p) (free particles: E4(p) = \/p? + m?%). The normalization
condition for the plane wave states |A, p):

—
/

(A, F'|A, p) = 2E4(p) (2m)* 63 (5 — p') .

—

fa(p, ]3) — momentum distribution function with the mean momentum P.
Normalization condition: (AJA) =1 = [d®p|fa(p)|?/(27)° = 1.




Coordinate-space wave packet with maximum at ¥ = 7y at the time ¢ — ¢,:

Uy (x) = /[dp] fa(p)e D) (t=to)+ip(Z—F0)
Consistent with the usual QFT definition of the wave function:

Va(z) = (0]Wa(z)4).

Aap = Z iUsiA;

Use the Feynman rules in the configuration space. In lowest (2nd) order in
weak interaction:

Transition amplitude:

Aj - /d4$1/d43}2 Af(iUl)SF](iUl — LUQ)AJD(iEQ) .




Py (k) Dy (k")

P;i(q) Di(q")

P) = /[dqupz( O)1P.d),  |Py) = [dk]fpf< )Py R,
— [1d) foi@. @) |Dic). |Dg) = [l fos (B R 1Dy, ).

The transition amplitude:

iAag = (Py Dy|T exp [— i/d4$H1($)] — 1|P; Dy),




In the second order in weak interaction:
iAozB Z Uﬁg/dq sz( 7@) /[dk] f;f(E7 [?)
9 / 4d] fou(d@ G / dK) £, (B B idP™ (g, ks oK)
Plane-wave amplitude:

Z'.Ag'w'(q, kiq' k') = /d4$1/d4x2 MD(C]/, k') e~ id' =k ) (z2—zD)

- ip(z2—z1) | 1 L i(q—k)(x1—xp)
XZ./(QW)4p2—m§—I—iee plg,k)e

~

M;p, Mj p — production and detection amplitudes with neutrino spinors
excluded. Full amplitudes:

M;p(q, k) = u\j/%) Mp(q, k), M;p(q', k") = Mp(q, k’)u\‘%%)




Neutrino prod. and det. regions: the overlap regions of the wave packets of

participating external particles. 4-coordinates of the “central points” of these
regions (points of the maximal overlap of external w. packets): xp and zp.
It will be convenient to go to shifted 4-coordinates:

Ty =11 —Tp, rh =1T9—Tp.
Also define

—

T =tp—tp, L = Zp—2p.

A useful formula;

prmy = > uje(p)ije(p).

For neutrinos only one chirality contributes (¢ = L forv and o = R for »)
because of the chiral nature of weak interactions =- the sum over ¢ can be
dropped; uj,(p) and u;,(p) canthen be merged with Mp p to produce M,;p
and M;p.




2p0 e—zp0T+iﬁE

d4
op = 132UV [ e 2 P20 7 2,

mj—l—z'e '
®;p(p°, f) = / d') e / dq] / (K] fi(3, Q) [, (K, K) e @070 p(q, k)

D,0(p°, ) = / 0 e / dq / dK) i@ Q) [ (B, B e~ =KD 0 (of K

For L > 1/p — fast oscillating factorin iA,3 = main contribution to
integral over p° from the pole at p' = E;(p) — ie (on-shell neutrinos).

4

' d’p —iE; (P)T4ipL
iAap = O Z Uﬁﬂ/ 273 ®; p(E;(P), )®;p(E;(p), p) e P THPE




The transition amplitude:

Aas(T, L) Z Us; A;(T, L)

In QM WP approach we had:

r d’ * —iE; ipL
A;(T, L) = / (27:)93 12 () fP*(p) e BTk

In QFT approach:

. d°p (T
i = [ G a5, 0B, (7). ) e T4

The QM and QFT expressions have exactly the same form !




Comparing with A, (T, E) obtained in the QM w. packet approach: the two
amplitudes essentially coincide if

fip(p) = ®;p(E;(p),p),  [fip(P) = ®jp(E;(D),P),




Comparing with A, (T, E) obtained in the QM w. packet approach: the two
amplitudes essentially coincide if

fip(p) = ®;p(E;(p),p),  [fip(P) = ®jp(E;(D),P),

Easy to understand: ®,p(E;(p),p) is the probability amplitude of
v production process in which v; is emitted with momentum p

=  ®;p is momentum distribution amplitude of the produced neutrino, i.e.
the momentum-state wave packet f;p(p). Similarly for neutrino detection.
N.B.: f;p(p) and f;p(p) are not “canonically” normalized.

Alternative approaches:
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Comparing with A, (T, E) obtained in the QM w. packet approach: the two
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» Incoord. space: 1, = convolution of the v source (prod. amplitude)
and retarded propagator




Comparing with A, (T, E) obtained in the QM w. packet approach: the two
amplitudes essentially coincide if

fJP( ) ]P<E (ﬁ)aﬁ)v ij(m — (I);D<Ej<p>7ma

Easy to understand: ®,p(E;(p),p) is the probability amplitude of
v production process in which v; is emitted with momentum p

=  ®;p is momentum distribution amplitude of the produced neutrino, i.e.
the momentum-state wave packet f;p(p). Similarly for neutrino detection.
N.B.: f;p(p) and f;p(p) are not “canonically” normalized.

Alternative approaches:
® |Pryy) = (S—1)|F),  |v) = (Pr|Psyy)

» Incoord. space: 1, = convolution of the v source (prod. amplitude)
and retarded propagator

All three approaches give the same results.




Fip() = Myp(Q.K) [ b O =7 iaq) [lah]fu(@.G) 1 (F, Ry a0

Integral over & gives ~ 6@ (7—k — ). Since fpi(q,Q), fps(k,K) are
sharply peakedat @ and K = f;p(p) is sharply peaked at

P=Q—K. \Widthofthepeak:  o,p ~ max{op,,op,}

For external particles described by plane waves:

MjP(Q7 K)
V2Ep:V-2EpV

fip(p) = s"(Q - K —p)

Ingeneral: fp(p) = M,;p(Q,K) x (“smeared d-functions”) representing
approx. conservation of mean energies and mean momenta.




Example — Gaussian wave packets for external particles. QFT gives

fip(p) o< [M;p(Q, K)/(ocpoyp) exp [ — gp(E;(P), D)),

(F— PP [E;0) — EBp —Tp( - PP

QP(Ej(ﬁ)a 15) — T
40313 402,
Here P=Q—-K, Ep=Ep(Q)—EpsK),

2 2 2 1
O'pp — Oppi + O-pr) OxPOpP — 9 ’
Up ’UPf 2 U7 6?%"

. 1

UP:O'?:P 5 5 , EP:O_:EP 2PZ + 5 ,
Orpi Ufo Oxpi J;cPf

. . . = — 2 2 . .
For 2 ext. particles at production: o.p = |Up; — ¥py|/24/05p; + oLpyp ~ inverse overlap time




Compare with Gaussian wave packet in QM approach:

3/4 Lo
fip(P, P) = (227T> exp [_ (p—P) }

2
Oop 40'p p

To match the QM and QFT expression: expand E,;(p) around p = P and
subst. into gp(E; (D), p):

O gp(E(D).p) = (p— P)* a* (p = P)' = B*(p — P)" +;

1 E;,—E
ol = 40313 Ap 6F + (v; — vp)P (vj — vp) + L —— E; P (6% — vaé) :
1 (E; — Ep)?
Bt = — g (B = Ep)oy —en)*s =
Try to represent gp(E,;(p), p) in the form
O gp(Bi(D),P) = (p— Peg)* o™ (0 — Peg)' +3; |, et = P46




s _ (B = Ep)(v; —vp)* 5 = (Ej — Ep)” Ap
Ap + (’l_}} — 17p)2 ’ J

Diagonalization of o*' gives (OZ||(v; — ¥p)):

1 1 (G; — Up)?
(0pper)’ = (0hp o)’ = opp = + =
e plelt r (05 pefr)’ ‘7;29}3 oop

= QM neutrino wave packets can match those obtained QFT if




s _ (B = Ep)(v; —vp)* 5 = (Ej — Ep)” Ap
Ap + (’17] — ’1713)2 ’ J

Diagonalization of o*' gives (OZ||(v; — ¥p)):

1 1 (G; — Up)?
(O_as )2:(0_y )2:0_2 — s J
plrett pPeft i (USP ot ) 012913 U?P 7

= QM neutrino wave packets can match those obtained QFT if

#» Momentum uncertainties of the neutrino mass eigenstates are replaced
(anisotropic) effective ones:  — (5 — P)?/(402,) —

—[(p" = Pege)?/4(opp)* + (0¥ — Pegg)?/4(opp)* + (p° — Plg)?/4(o5p)"].




s _ (B = Ep)(v; —vp)* 5 = (Ej — Ep)” Ap
Ap + (’17] — ’1713)2 ’ J

Diagonalization of o*' gives (OZ||(v; — ¥p)):

1 1 (G; — Up)?
(O_as )2:(0_y )2:0_2 — s J
plrett pPeft i (USP ot ) 012913 UgP 7

= QM neutrino wave packets can match those obtained QFT if

#» Momentum uncertainties of the neutrino mass eigenstates are replaced
(anisotropic) effective ones:  — (5 — P)?/(402,) —

—[(p" = Pege)?/4(opp)* + (0¥ — Pegg)?/4(opp)* + (p° — Plg)?/4(o5p)"].

» The mean momentum P is shifted according to P — P.g = P + 6.




(Ej — Ep)(v; —vp)" __ (B - Ep)? Ap
)\p—i—(17j —17p)2 ’ K

oF = —

Diagonalization of o*' gives (OZ||(v; — ¥p)):

1 1 (G; — Up)?
(O_a: )2:(O_y )220_2 — i J
plrett pPeft i (USP ot ) 012913 UzP 7

= QM neutrino wave packets can match those obtained QFT if
#» Momentum uncertainties of the neutrino mass eigenstates are replaced
(anisotropic) effective ones:  — (5 — P)?/(402,) —
—[(p® — P)?/4(opp)* + (0¥ — Pog)? /4(opp)* + (07 — Pi)?/Alogp)?].
» The mean momentum P is shifted according to P — P.g = P + 6.

# The wave packet of each neutrino mass eigenstate gets an extra factor
Nj = exp[—ﬁj].
_ EvgenyAkmedov intemat ConferenceonHistoryoftheNeurino Paris,Soplomber57,2018 _-p.85




|f IEZ—EJ| <L Oep =

factors N, are the same for all v mass eigenstates, can be included in

common normalization factor. In the opposite case — coherence of different
neutrino mass eigenstates is lost.

oep < opp = exceptfor ¥; =~ vp momentum uncertainty along (v; — vp)
Is dominated by o.p.

In the stationary neutrino source limit (o.p ,vp — 0), effective longitudinal
mom. uncertainty o°. o =0 even though the true mom. uncertainty o,p # 0.

4

Coherence length .., — o0




What is calculated in QFT is the probability of the overall
production-propagation-detection process. How to extract from it the
oscillation probability P,z(L)?

1. Recall the operational definition of P,z(L) . Detection rate for vg:

it = [ dEjs(Byos(B),

If a source at a distance L from the detector emits v, with the energy
spectrum dI'P*4(E)/dE:

1 dI'Ped(R)

i8E) = T R

Pa,B (L7 E) ’
= substitute into Fget:




A% (E) 1 drered(E
Tt = / dE dﬁE = = / dE dE( )Paﬁ(L,E) o5(E)
Pos(L,E) = dT*Y(E) /dE

i [dTR°YE)/dE] 05(E)

An important ingredient: the assumption that the overall rate factorizes into the

production rate, propagation (oscillation) probability and detection cross
section.

If this does not hold, oscillation probability is undefined =

Need to deal instead with the overall rate of neutrino production, propagation
and detection.




Try to cast P(’;%t In the same form (check if the factorization condition holds !)

—zp0T+iﬁE

d*p 2pg €
"/Aozﬁz’lz Uﬁg/—)q’jP(pO,ﬁ)q’ p(p°, ) 2

m?—l—ie

Integrate first over p, then over p = E. Make use of Grimus-Stockinger
theorem: for a large L (L > p/ag), A > 0 and a sufficiently smooth (p),

hlhi

)eVAL L O(L7%) =

ipL
/dBPAw(mep = —QLw(f

— P2 + e

87T2L

where

ij\/E2—m?, l

|




Introduce

1

T2 47TL2
3,k

X /dE (I)P(Eapjl_jq)D(Eapjf) (I)}(E,pkl_jq)E(E,pkl_j (2E)? ¢/Pi—p)L

P(D) = [ dT Pap(T. ) = Uz iUsyUat U

Neutrino production probability:

d’
Paprod:Z|Uaj|2/( Pj |(I) E s Dy | —Zan3|28 2/dE|(I)p E y Dj ‘ 4Ep]
J

Detection probability:

. 1
PIUE) = Y |Usl*|@n (B, p) 5 |
k




Let the number of particles P; entering the production region during time
interval T, be Np and number of D; entering the detection region be Np.
Probability of neutrino emission during the finite interval of time ¢:

dt t 1
prod NP/ “tp prod — Np Pgrod_ _ rate: Fgrod Np Pgrod
TO TO

Detection cross section:

E
op(E) = T > |UBI<:|2|‘I)I<:D(E)|2p—k
k

Probability of the overall production-propagation-detection process:

_ NpN
PLot(t, L P D/ dtD/ dtp PY5(T, L) =




New integration variables T = (tp +tp)/2 and T =tp —tp =

tot NpNp ! tot ’ tot
Py (t, L) = = [/O dTPO(T,L)(t—T)+/thP° (T,L)(t+T)]
: _
NPND _ t t 0
=5 |t / dT PL%(T,L) — / dT TP.% (T, L) + / dT TP (T, L)}
0 - —1 0 —1
NpNp T
=150 tIl(t)—Ig(t)+Ig(t)].
2|

For large t (much larger than the time scales of the neutrino production and
detection processes) I = Pi%(L) whereas I, =I3 =0 =

NpNp

Ptot ( ) TO2

Ptot (L) Ftot (L) —




o oiwUniUsiUhUs®p(E,pj)®p (B, pj)®h(E, pr) O (B, py)e'Pi—Pr)k

“ Oé,B(L7E) 2 2 2 2 —1
> | Uai? [®P(E, pj)? pj 24 \Uskl? | PD(E, pr) [Py,

For |p; — px| < pj;,pr (ultra-relativistic or quasi-degenerate in mass v’s) and

|Pj —pk;| <L OppP,0pD

one can replace

pj — P, ®p(E,p;) = @p(E,p) (p — average momentum)

= in the denominator of “P,z(L, E)”:

Z |U04j|2 |(I)P(E7pj)|2pj — |(I)p(E,p)|2pZ |Uaj|2 — |(I)P(E7p)|2p7
J J

> Us12 1B pi) P pp " = [@p(E.p)Pp~ ' Y Ukl = [@p(E.p)*p ",
K K




In the numerator of “P,3(L, E)” ®p, ®p can be pulled out of the sums and
canceled with those in the denominator. = stand. osc. probability:

Y —
Pag(L,B) = 3 U UsUaiUppe™

Automatically satisfies unitarity, i.e. is properly normalized.

For |p; —pk| > 0, (& Am?,/(2p) > op) — interf. terms strongly
suppressed = Decoherence




The condition for the existence of well-defined oscillation probabilities is that
neutrinos are either ultra-relativistic or nearly degenerate in mass and, in
addition, the coherence prod./detection conditions are satisfied:

pj — pr| < oppP,0pD

The QFT-based consideration clarifies the QM wave packet normalization
prescription. QM and QFT approaches can be matched if the QM quantities
fip and f;p are identified with the QFT functions ®,p(E;, ) and

% (Ej,p), respectively. But: the latter bear information not only on the
properties of the emitted and absorbed neutrinos, but also on the production
and detection processes. The QM normalization procedure is equivalent, in
the limit |p;, — px| < opp,0,p, t0 the division of the overall rate of the process
by the production rate and detection cross section, as in QFT approach.
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